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ABSTRACT
The authors identify spatial and temporal scales in a one-dimensional linear, diffusive atmospheric energy
balance model coupled everywhere to a slab mixed layer of fixed depth. Mathematically, the model is identical
to a heat conducting rod, which over its entire length both radiates and is in contact with a large but finite
‘‘reservoir.’’ Three characteristic timescales mark, respectively, the atmosphere’s adjustment to a sea surface
temperature (SST) anomaly, the decay of a pointwise SST anomaly, and the radiative decay of a large-scale
SST anomaly. The first and the third of these timescales are associated with diffusive length scales characterizing,
respectively, the distance over which heat is diffused in the atmosphere before being lost to the ocean beneath,
and the distance over which heat is diffused in the coupled system before being radiated to space. For spatial
scales between the two diffusive lengths, the SST anomaly does not decay exponentially but with the square
root of time; this regime has not previously been identified. Apparent discrepancies between published discussions
of diffusive length scales are reconciled.
1. Introduction
We discuss what might appear to be a very simple
problem: Given an isolated anomaly in mixed layer tem-
perature, unaffected by interior oceanic dynamics but
in contact with a one-dimensional atmosphere of fixed
vertical structure and with purely diffusive horizontal
transport, what characteristic spatial scales do subse-
quently emerge and what is the lifetime of this mixed
layer temperature (or sea surface temperature, SST)
anomaly? The question is motivated by the recent in-
tense discussion in the literature about how SST bound-
ary conditions in ocean general circulation models
(GCMs) affect the stability of the thermohaline circu-
lation, and about the intimate connection between at-
mospheric heat transports and equivalent surface heat
flux formulations, as a function of SST anomalies
(Zhang et al. 1993; Power and Kleeman 1994; Miko-
lajewicz and Maier-Reimer 1994; Rahmstorf and Wil-
lebrand 1995; Pierce et al. 1996; Chen and Ghil 1996).
Conceptual models and the feedback processes involved
in the interactions between atmospheric transports and
the thermohaline circulation have been discussed by
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Willebrand (1993), Marotzke (1994, 1996), Nakamura
et al. (1994), Marotzke and Stone (1995), Saravanan
and McWilliams (1995), and Rahmstorf et al. (1996).
The starting point for this paper is the concept, for-
mulated (apparently independently) by Bretherton
(1982), Frankignoul (1985), and Schopf (1985), that if
interactions between SST anomalies and atmospheric
dynamics obey linear laws, the damping of a small-scale
anomaly should be strong, as expressed by local bulk
formulas (Haney 1971). If the anomaly is large scale,
the damping is weak, governed essentially by longwave
radiation to space. The rationale is that on small scales
atmospheric transports can efficiently transport heat hor-
izontally and effect changes in SST outside the location
of the original anomaly. On a global scale, only long-
wave radiation can act. Willebrand (1993) suggested an
implementation of scale-selective SST damping into a
GCM, which was subsequently done by Rahmstorf and
Willebrand (1995).
The next conceptual question is against which length
scale ‘‘small’’ and ‘‘large’’ are to be measured. Sur-
prisingly, two very different answers were given by
Marotzke (1994, M94 hereinafter) and Pierce et al.
(1996, PKB hereinafter), although both papers em-
ployed linear diffusive energy balance models (the latter
a considerably more sophisticated one). A diffusive
length scale was derived in both cases, but M94 chose
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as the characteristic timescale the local atmospheric ad-
justment timescale, essentially as given through a Haney
relaxation coefficient, whereas PKB selected the time it
takes longwave radiation to eliminate a local anomaly
in total, atmosphere plus ocean, heat content, which
naturally does not invoke the air–sea coupling coeffi-
cient for heat transfer. The resulting length scales differ
by almost an order of magnitude.
The discrepancy between two different scale esti-
mates of such an important theoretical quantity moti-
vates this investigation of the initial value problem of
a one-dimensional diffusive rod, which is slowly leaking
heat to one side (‘‘space’’) and which is tightly coupled
to a large but finite ‘‘reservoir’’ on the other side. M94
solved this problem if the mixed layer was truly a res-
ervoir; that is, its temperature was assumed fixed. A
very similar model was analyzed by Power et al. (1995).
However, the mixed layer’s heat capacity is large but
finite, compared to the atmosphere’s, so here we take
the significant additional step of computing how the SST
anomaly evolves after the atmosphere has equilibrated
(section 2). Schopf (1985) analyzed a model similar to
ours and explicitly demonstrated the scale sensitivity of
SST damping timescales. This manuscript goes beyond
Schopf’s (1985) work in that the conditions for the va-
lidity of various limiting cases are formulated quanti-
tatively and in that the various stages of SST damping
are analyzed explicitly. Moreover, we are able to rec-
oncile the seemingly contradictory results of M94 and
PKB. A brief discussion follows in section 3.
2. Model solutions
A single-level atmospheric model is coupled to a slab
ocean of uniform thickness, both of which have infinite
horizontal extent in one dimension only. Heat is trans-
ported horizontally by diffusion in the atmosphere, and
heat is lost from the system via longwave radiation to
space. Horizontal heat transport in the ocean is neglect-
ed. The atmosphere and ocean exchange heat at a rate
that is proportional to the temperature difference be-
tween them, and the evolution of the ocean model tem-
perature is totally determined by this exchange.
The model is defined through the heat conservation
equations for atmosphere and ocean,
c ] T 5 2BT 1 c D] T 1 l(T 2 T ), (1)A t A A A yy A O A
c ] T 5 2l(T 2 T ), (2)O t O O A
where cA 5 107 W s m22 and cO 5 23108 W s m22 are
the heat capacities per unit area of atmosphere and
mixed layer, respectively; B 5 2 W m22 K21 is the
longwave radiation coefficient; D 5 2.53106 m2 s21 the
atmospheric diffusivity (e.g., Stone and Miller 1980);
and l the air–sea exchange coefficient, which is as yet
unspecified but always much larger than B. All tem-
peratures are deviations from some equilibrium, and a
purely one-dimensional model is considered (the two-
dimensional case with radial symmetry is likely to give
qualitatively similar results). The terms on the right-
hand side of Eq. (1) are readily identified as longwave
radiation to space, horizontal diffusion, and ocean-to-
atmosphere heat flux. Initial conditions are prescribed;
for simplicity, the model domain extends to infinity. The
atmosphere is thus equivalent to an infinite rod, with
radiative loss to one side, and the ocean a large but
finite reservoir on the other without any interior heat
transport process.
Although the physical problem appears very simple,
the coupled equations (1) and (2) are surprisingly com-
plex, and we have been unable to either calculate the
exact solution or locate it in any of the standard ref-
erences on diffusion (e.g., Crank 1975; Carslaw and
Jaeger 1986). It is likely that the general solution, if it
can be given in closed form, will be quite unyielding
to ready interpretation, so we have chosen instead to
consider a suite of approximations to (1) and (2), and
solve the approximated equations. Overall, this has
proven more illuminating than performing the asymp-
totics on a more general solution.
Equations (1) and (2) can be rewritten without ap-
proximation
c c BA A1 1 ] T 2 D] T 1 T 5 T (3)t A yy A A O1 2l l l
cO1 1 ] T 5 T . (4)t O A1 2l
Two timescales, t1 [ cA/l and t2 [ cO/l, are imme-
diately identified, characterizing the adjustment of at-
mospheric and oceanic temperatures to a restoring sur-
face heat flux. A third timescale, t3 [ cO/B, characterizes
the adjustment of the coupled system through longwave
radiation to space. For l 5 50 W m22 K21, the times-
cales are, in this order, 2 days, 50 days, and 3 years.
We will introduce approximations to Eqs. (3) and (4)
primarily by considering timescales long or short com-
pared to t1, t2, or t3. The assumptions about timescales
will be stated at the beginning of each subsection; in
addition it will be used throughout that B K l, cA K
cO (hence, t1 K t2 K t3), and O(TO) $ O(TA). The
timescale of interest will be denoted t.
a. Timescales much shorter than atmospheric
adjustment timescale, t K t1
We can write, symbolically,
c cO A] k ] k 1, (5)t tl l
so we only look at processes that occur faster than over
two days. (Clearly, no energy balance model of the at-
mosphere constitutes a meaningful representation of the
real world on these timescales.) Assuming that the initial
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perturbations in TA and TO are of the same order of
magnitude, (3) and (4) simplify to
] T 2 D] T 5 0, (6)t A yy A
] T 5 0. (7)t O
Ocean and atmosphere are decoupled, and an initial
anomaly in the atmosphere is dispersed by pure diffusion.
The solution is given as a special case of Eq. (11) below.
b. Timescales comparable to atmospheric adjustment
timescale, t ; t1
We now have
c cO A] k ] ; 1, (8)t tl l
and we obtain for TA a diffusion equation with forcing
and ‘‘radiation,’’
l l
] T 2 D] T 1 T 5 T , (9)t A yy A A O
c cA A
c ] T 5 0. (10)O t O
In this limit, TO can be considered an externally pre-
scribed forcing that is ‘‘switched on’’ at time t 5 0. The
solution for TA is (Morse and Feshbach 1953, p. 121)
l
exp 2 (t 2 t9)
t [ ]cAl
T (y, t) 5 dt9A E
c 2ÏpD(t 2 t9)A 0
1` 2(y 2 y9)
· T (y9, t9)exp 2 dy9.E O [ ]4D(t 2 t9)
2` (11)
This solution is readily understood if TO is a d function
in space TO(y9, t9) 5 Tˆ Od(y9 2 y0), for t9 . 0, which
leads to
t
ˆl TOT (y, t) 5A E
c 2ÏpD(t 2 t9)A 0
2l (y 2 y )0
· exp 2 (t 2 t9) 2 dt9. (12)[ ]c 4D(t 2 t9)A
In response to a localized stepwise increase in TO, the
atmosphere is heated above the SST anomaly (governed
by the factor l/cA [ 1/t1). The atmospheric temperature
anomaly is then diffused outward and lost through ex-
change with the ocean. At every instant, the ocean acts
as a heat source at y 5 y0.
c. Timescales between atmospheric and oceanic
adjustment timescales, t1 K t K t2
Now,
c cO Ak 1 k ] , (13)tl l
and we consider the diagnostic limit of the forced dif-
fusion equation for the atmosphere, that is, the time rate
of change of heat storage in the atmosphere is neglected,
so that the atmosphere is in energy balance. We obtain
l l
] T 2 T 5 2 T , (14)yy A A ODc DcA A
with ocean temperature still unchanged from its initial
state. Essentially, Eq. (14) is the one analyzed by M94
(who included the longwave radiation term, which is
trivial on these timescales). The solution is
1`1
2(zy2y9z)/L1T (y) 5 T (y9)e dy9, (15)A E O2L1 2`
where
1/2DcA1/2L [ (Dt ) [ (16)1 1 1 2l
is the diffusive length scale derived by M94, charac-
terizing the distance over which heat emanating from
an SST anomaly is transported in the atmosphere before
being returned to the ocean. For the parameters chosen
here, L1 is about 700 km. A Lagrangian interpretation
states that a column of air, heated above the anomaly,
flows over the colder ambient ocean and gets cooled
again, with the e-folding time given by the atmospheric
adjustment timescale. If the SST anomaly is spatially
constant in an interval L0,
ˆT , zy z # L /2O 0T (y) 5 (17)O 50, zy z . L /2,0
the atmospheric temperature is readily determined as
y
2L /2Lˆ 0 1T 1 2 e cosh , zy z # L /2O 01 2L1T (y) 5 (18)A L0 2y /Lˆ 15T sinh e , zy z . L /2.O 02L1
For a large-scale SST anomaly, L0 k L1, Eq. (18)
gives approximately that TA ø Tˆ O above the anomaly
except in a transition region of width L1 around y 5
6L0 /2, where TA drops to zero. For a small-scale SST
anomaly, L0 K L1, one obtains that
L0
ˆT , zy z # L /2O 02L1T (y) ù (19)A L0 2y/Lˆ 15T e , zy z . L /2,O 02L1
meaning that if e [ L0/L1, TA 5 O(eTˆ O) everywhere
within the diffusive transport scale L1 of the anomaly.
As a consequence, the atmosphere-minus-ocean tem-
perature difference is O(eTˆ O) outside the SST anomaly,
where TO 5 0, but it is negative and O(TO) right above
the anomaly. Hence, the surface heat flux is vigorous
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above the anomaly, and of opposite sign and weaker by
a factor of e outside. The spatial integral of surface heat
flux is zero within the approximation made here. That
the atmospheric temperature anomaly is ‘‘small’’ above
a small-scale SST anomaly was previously found by
Schopf (1985), who noted that, hence, the assumption
of an unchanging atmospheric temperature, which un-
derlies Haney’s (1971) parameterization, is well justified
for small-scale SST anomalies.
d. Timescales comparable to oceanic adjustment
timescale, t ; t2
We now move into the regime where the SST re-
sponds to the change in heat flux, while the atmosphere
goes through a sequence of equilibrium responses to
each new SST field. The response of the SST depends
strongly on the size of the anomaly, as illustrated by
Eqs. (18) and (19). For a large-scale anomaly (L0 k
L1), atmospheric and oceanic temperatures are very
close; the discussion is deferred to the next subsection.
For a very small-scale anomaly, the air–sea temperature
differential above the anomaly is almost as great as the
anomaly itself; hence, SST decays exponentially on a
timescale given by cO/l. The heat lost by the ocean is
transported by the atmosphere over distance L1 and re-
turned to the ocean. Thus, L1 also marks the extent of
the SST anomaly when the exponential cooling stops.
e. Timescales between oceanic adjustment timescale
and oceanic radiative damping timescale, t2 K t
# t3
For the subsequent development, we can no longer
ignore the contribution of the longwave radiation. For
example, Eq. (1) indicates that if the air–sea temperature
difference is less than O(TA3B/l), as is the case above
a large-scale SST anomaly, the surface heat flux does
not dominate the longwave flux.
We now take the steady-state limit of the atmospheric
heat conservation equation (1) and eliminate TA by in-
serting the oceanic heat conservation equation (4),
which yields
cO
c ] T 1 1 1 ] (B 2 c D] )T 5 0. (20)O t O t A yy O1 2l
Under the assumption that only timescales longer than
the oceanic adjustment timescale are considered,
cO ] K 1, (21)tl
the only term involving l drops out, and Eq. (20) re-
duces to
c BA] T 2 D] T 1 T 5 0. (22)t O yy O O
c cO 0
Equation (22) was obtained heuristically by PKB who
considered the evolution of total heat content [the sum
of Eqs. (1) and (2)], neglected atmospheric heat content,
and equated TA with TO. We see that the last step isjustified only for large enough timescales which, by the
considerations of the previous subsection, implies spa-
tial scales larger than L1. The derivation of PKB em-
phasizes that (22) is an equation for the coupled system.
Here, we point out that it is a diffusion equation with
a horizontal diffusivity that is reduced by a factor of cA/
cO compared to the atmospheric diffusivity. The solution
to arbitrary initial conditions TO(y9,0) is
B
exp 2 t1 2cO
T (y, t) 5O
cA2 p Dt! cO
1` 2(y 2 y9)
· T (y9, 0)exp 2 dy9.E O
cF GA2` 4 Dt
cO
(23)
The initial anomaly ‘‘freely’’ diffuses out until the time
t3[cO/B has passed and longwave radiation begins to
reduce the total heat content anomaly significantly, lim-
iting the distance over which the anomaly is spread. The
associated length scale is the one derived by PKB and
given by
1/2DcO1/2L [ (Dt ) [ . (24)3 3 1 2B
For the parameters chosen here, L3 is around 4000 km.
The Green’s function solution to Eq. (23) indicates that
the peak value of the anomaly decays as t1/2, for times
much shorter than t3.
f. Timescales much longer than oceanic radiative
timescale, t k t3
Now,
cO ] K 1, (25)tB
and we can neglect the first time derivative in Eq. (20)
as well. The resulting equation has only the trivial so-
lution for homogeneous boundary conditions, meaning
that the SST anomaly has completely vanished through
longwave radiation to space.
3. Discussion
The fate of a pointwise SST anomaly that suddenly
comes into existence underneath a diffusive atmosphere
can be summarized as follows. (Without loss of gen-
erality, the anomaly is assumed positive.) First, the at-
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FIG. 1. Numerical solution of the coupled model (diagnostic atmosphere), as a function of time and latitude (the domain is not shown
completely). The initial anomaly is a Gaussian bump with half-width 1000 km; the peak initial value is chosen such that total initial heat
content is equal to that of a uniform anomaly of 18C, of size 2000 km. (a) Atmospheric temperature, l 5 50 W m22 K21. (b) Oceanic
temperature, l 5 50 W m22 K21. (c) Ocean-to-atmosphere heat flux, l 5 50 W m22 K21. (d) Atmospheric temperature, l 5 250 W m22
K21. (e) Oceanic temperature, l 5 250 W m22 K21. (f) Ocean-to-atmosphere heat flux, l 5 250 W m22 K21.
mosphere above the anomaly is heated on a timescale
t1[cA/l ; 2 days, where cA is the atmospheric heat
capacity and l the air–sea heat exchange coefficient.
This localized atmospheric temperature anomaly is then
diffused out, governed by atmospheric diffusivity D. On
timescales over which the SST is changed by the heat
flux anomalies, the atmosphere has equilibrated. Heat
lost by the ocean above the original SST anomaly is
transported over a distance L1;700 km given by the
atmospheric adjustment timescale and the atmospheric
diffusivity [Eq. (16) and Marotzke 1994] and returned
to the ocean. Air–sea temperature differences are of the
order of the original SST anomaly above the anomaly,
and smaller outside by a factor of anomaly extent di-
vided by L1. Consequently, the SST anomaly decays
exponentially on a timescale t2 [ cO/l ; 50 days, where
cO is the mixed layer heat capacity. At the end of the
exponential decay phase, the anomaly has a size of the
order of L1.
If the SST anomaly has a spatial scale much larger
than L1, either right from the start or because it has been
expanded by atmospheric diffusion, the ocean–atmo-
sphere temperature difference virtually vanishes above
the anomaly. The anomaly is spread diffusively, but now
with diffusivity DcA/cO. The diffusion is limited by long-
wave radiation to space, which occurs on a timescale
t3 [ cO/B ; 3 years, where B is the longwave radiation
coefficient. The distance L3;4000 km over which the
SST anomaly can be transported in time t3, is given in
Eq. (24) and Pierce et al. (1996). We are thus able to
reconcile the apparent contradiction between the dif-
fusive length scales derived by Marotzke (1994) and
Pierce et al. (1996). Scale L1 defines the distance over
which atmospheric diffusion can transport heat away
from an SST anomaly before returning it to the ocean.
Scale L3 defines how far the (weaker) diffusion of the
coupled anomaly traverses before longwave radiation
enters. It follows that L1 and L3 divide spatial scales
into three regimes, each with very different decay. SST
anomalies much smaller than L1 decay exponentially on
a timescale given essentially by the local bulk coeffi-
cient l (Haney 1971). SST anomalies much larger than
L3 decay exponentially on a timescale determined by
the longwave radiation coefficient B. The range of in-
termediate spatial scales, between L1 and L3 and well
separated from both, defines a dynamical regime (‘‘free
diffusion’’ of the anomaly in total heat content) that has
hitherto not been identified. The peak value of the anom-
aly does not decay exponentially but with the square
root of time.
A numerical solution of Eqs. (1) and (2) is displayed
in Fig. 1. Equation (1) is solved in the diagnostic limit;
Fig. 1 shows atmospheric and oceanic temperatures and
surface heat flux, as a function of time and space (the
domain is not shown completely). The air–sea exchange
coefficient l is 50 W m22 K21 in Figs. 1a–c and 250
W m22 K21 in Figs. 1d–f. The initial anomaly is a Gauss-
ian bump with half-width 1000 km; the peak initial value
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FIG. 2. SST lifetime in days as a function of l and anomaly size
(Gaussian half-width). Lifetime is defined such that at the center of
the anomaly, SST has dropped to e21 of its initial value.
is chosen such that total initial heat content is equal to
that of a uniform anomaly of 18C over 2000 km. Both
ocean and atmospheric temperatures decay more rapidly
when l is large; consistently, ocean heat loss is more
vigorous initially but is quickly reduced. Overall, Fig.
1 demonstrates that although the initial SST anomaly is
rather large scale, its evolution still depends on l. This
sensitivity is even more pronounced in the phase space
diagram, Fig. 2, showing after how many days the SST
at the center of the anomaly has dropped to e21 of its
initial value, as a function of l and anomaly size. For
SST anomalies several 100 km wide, lifetimes change
with l when l is as high as 250 W m22 K21. But even
for anomalies with a Gaussian half-width of 1500 km,
the sensitivity of lifetime to l tapers off only if l is
greater than 100 W m22 K21, that is, outside the range
that is physically sensible. This dependence is consistent
with Chen and Ghil’s (1996) results from a coupled
ocean GCM-energy balance model, where the existence
of interdecadal variability of the thermohaline circula-
tion depended on both the horizontal atmospheric dif-
fusivity and on the local air–sea exchange coefficient.
Rahmstorf and Willebrand (1995) and Capotondi and
Saravanan (1996) likewise employed a linear energy
balance model coupled to ocean models but replaced
atmospheric temperature by oceanic temperature in the
expressions for longwave radiation and atmospheric dif-
fusion. This is equivalent to letting l go to infinity and
hence L1 to zero; a preferable physical interpretation
avoiding the singularity is that the spatial scale of the
SST anomaly is assumed always to be much larger than
L1. Since L1 is about 700 km for a l given by standard
bulk formulas (50 W m22 K21), this latter condition is
not always fulfilled even for coarse-resolution models
(gridsize about 48). Hence, the assumption of Rahmstorf
and Willebrand (1995, p. 790) that ‘‘on the space and
time scales important for ocean climate experiments the
air temperature is dominated by the local coupling to
the ocean temperature and not by atmospheric heat
transport’’ is not always justified [see Eq. (19) and
Schopf 1985]. Conversely, the choice of l influences
the lifetimes of all but the very largest-scale SST anom-
alies in coarse-resolution models, as demonstrated in
Figs. 1 and 2 and indirectly by Chen and Ghil (1996).
Overall, we conclude that solving an explicit energy
balance model is preferable to the approximation of as-
suming that the atmospheric transport length scale is
much smaller than the gridsize.
It seems appropriate to conclude with a reminder of
what processes important to ocean–atmosphere inter-
action are not described by this model. Effects of SST
on mixed layer depth and ocean currents are neglected,
besides making the unrealistic assumption of diffusive
atmospheric heat transport. Atmospheric circulation is
important in inducing SST anomalies (e.g., Frankignoul
1985; Cayan 1992; Deser and Blackmon 1993; Kushnir
1994), as are changes in ocean heat transport. Here, we
only look at the time history of an SST anomaly after
is has been created, irrespective of its origin. However,
it seems possible to combine the insights gained here
with a simple model for the creation of SST anomalies,
perhaps along the lines demonstrated by Frankignoul
(1985). Most directly, the analysis presented here serves
the understanding of ocean GCMs coupled to atmo-
spheric energy balance models, a configuration that has
become increasingly popular lately.
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